Exercise series N°04

Exercise 1:

Show that the given laws equip the set G with a group structure and determine if it’s abelian
Lazxy=2"WonG={reR, x>0andx#1};
2. (z,y) * (2',y) = (x+ 2,y +y'e™") on G = R2.

Exercise 2:

In the following cases, determine if H is a subgroup of group G
1. G =(Z,+); H ={even numbers}.
2. G=(R,+); H=[-1,+00].
3. G=(R* x); H=Q".

Exercise 3:

Let the following elements in Sy

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
id = ; Ml_ 3 MZZ ) M3:
1 2 3 4 2 3 41 3 4 1 2 4 1 2 3

Compute My o M3, My o My, My o My and My o Mj.
Exercise 4:

Let (G, ) be a group, we consider H subset of G defined by
H={heGVgeG, gxh=hxg}.
1. Show that (H,x) is a subgroup of G.
2. If G is a commutative group, what is H?
Exercise 5:

1. Let G =R, and * is a binary operation on G defined by

1
Vz,y € G, x*y:m+y—§.

(a) Prove that * is a commutative operation.

(b) Prove that (G, ) is group.
2. Let

f(Gx) = (R +)

x> f(x) =22 —1.

(a) Prove that f is a group homomorphism.

(b) Is f bijective? Justify.



Exercise 6:

Let D be the set of decimal numbers: D = {L

10 ‘ nel, ke N}. Show that D is a subring of (R, +, x).

Exercise 7:

We consider Z[v/2] = {a + b\/2; a,b € Z}.
1. Show that (Z[v/2], +, x) is a ring.
2. We denote N(a + bv/2) = a® — 2b%. Show that, for all z, y from Z[v/2], we have N(zy) = N(z)N(y).
3. Deduce that the invertible elements of Z[\/Q] are those that can be written as a + bv/2 with a? — 2b% = +1.

Exercise 8:

Let p be a prime number. We define
Z, = {%, (a,b) €ZxZ,pAb=1}.
1. Prove that Z, is a sub-ring of (Q, +, x).
2. Prove that for any nonzero rational number z, x € Z,, or xle L.

3. Let B be a sub-ring of Q containing Z,. Show that B = Q or B = Z,.



